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We investigate a Lie algebra-type κ-deformed Minkowski spacetime with undeformed Lorentz
algebra and mutually commutative vector-like Dirac derivatives. There are infinitely many realiza-
tions of κ-Minkowski space. The coproduct and the star product corresponding to each of them
are found. An explicit connection between realizations and orderings is established and the rela-
tion between the coproduct and the star product, provided through an exponential map, is proved.
Utilizing the properties of the natural realization, we construct a scalar field theory on κ-deformed
Minkowski space and show that it is equivalent to the scalar, nonlocal, relativistically invariant
field theory on the ordinary Minkowski space. This result is universal and does not depend on the
realizations, i.e. orderings used.
1. INTRODUCTION
One of the problems whose solution is still being sought involves how gravity and quantum field theory can be
reconciled. The efforts to bring these two theories closer have resulted in many new developments in theoretical physics
and mathematics. In this regard, noncommutative geometry appears as a promising framework for unifying gravity
and quantum field theory. In order to accomodate for quantum aspects of spacetime, spacetime noncommutativity has
been studied extensively [1],[2],[3],[4],[5],[6] and two main directions in the investigation have focused on the canonical
noncommutative spacetime and κ-Minkowski noncommutative spacetime [7]-[32], respectively.
To describe the short-distance (Planck scale) structure of spacetime, there appeared a possible necessity for modi-
fication of the existing symmetries. Specifically, it might require some deformation of Poincare symmetry and some
arguments would suggest that the symmetries of the κ-deformed Minkowski space should be described in terms of a
Hopf algebra [8],[10]. For these reasons, it is of importance to classify noncommutative (NC) spaces and to investigate
their properties. In order to make a step forward in this direction, we analyze a κ-deformed Minkowski space which
is a simple example of a Lie algebra type NC space [33].
Recently, a new motivation for studying κ-deformed spacetime has appeared within the programme of the so-called
doubly special relativity (DSR) [16],[17], which is a special relativity theory extended to include a second invariant
parameter κ, a parameter of mass dimension, besides the velocity of light. Also, κ-Minkowski space serves as a
playground for constructing a field theory on it and then discussing its physical properties. The attempts of this type
have been undertaken by many authors [7]-[32].
In κ-deformed Minkowski space, the noncommutativity of coordinates depends on a deformation parameter a = 1
κ
.
Generally, this parameter can be considered as an arbitrary vector a in Minkowski space with all components different
from zero. In Refs.[24] and [25], the most general deformation of the Euclidean space with the vector a in an arbitrary
direction has been discussed. In the present paper we restrict to the case where only the time component of the vector
a is different from zero. The dimensional parameter a = 1
κ
has a very small value which yields the undeformed





2The subalgebra which includes the rotation generators is the ordinary undeformed Lorentz algebra SOa(1, n−1).We
assume that Dirac derivatives mutually commute and transform as a vector representation of the Lorentz algebra. An
infinite number of realizations [24],[25] of κ-deformed Minkowski space is found in terms of commutative coordinates
and derivatives. These realizations are parametrized by arbitrary invertible functions, with suitably imposed conditions
leading to the undeformed Minkowski space in the limit a→ 0. Each such realization induces an ordering prescription,
a coproduct and a star product associated to it. For a special choice of the parameter functions, some particularly
simple realizations are obtained whose corresponding star products are known in the literature [24]. The choice of
the particular realization in a way corresponds to a particular choice of gauge, so although κ-Minkowski space may
be realized in many different ways, physical results do not depend on concrete realization, i.e. ordering, as long as all
commutators between NC coordinates and the Dirac derivatives are fixed. In the analyzis of κ-Minkowski spaces we
use the methods developed for deformed single and multimode oscillators in the Fock space representations [34]-[40].
In particular, we use the methods for constructing deformed creation and annihilation operators in terms of ordinary
bosonic multimode oscillators. Also, we employ the construction of transition number operators and, in general, of
generators proposed in Refs.[35],[36],[38].
The crucial point emphasized in this paper is that NC spaces, particularly the κ-deformed Minkowski space
considered here, can be realized in many ways in terms of commutative variables and all these realizations are on
equal footing with physical results not depending on the particular realization taken. For fixed deformed Heisenberg
algebra, there is a one-to-one correspondence between the realization of NC space and the ordering prescription and
for each such realization there exists a coproduct and a particular star product corresponding to it. In a recent paper
[30] it was shown that a free scalar field theory on κ-deformed Minkowski space can be expressed as a nonlocal,
relativistically invariant field theory on the ordinary Minkowski space. The authors of the Ref.[30] defined a special
star product by using, from the very beginning, a particular “right” ordering prescription. In the present paper we
also construct a free scalar field theory on κ-deformed Minkowski space in terms of a particularly chosen star product,
namely the star product corresponding to the natural realization, where the Dirac derivative is identified with the
ordinary derivative. We show that the corresponding free scalar field theory on Minkowski space is particularly simple,
nonlocal, relativistically invariant and does not depend on the realization/ordering taken, i.e. does not depend on the
particular realization of 4-momenta and coordinates defining the related NC space.
This paper is arranged as follows. In section 2.1 we review the results of Ref.[24] which are important for the
investigations carried out in this paper, including the notions of κ-deformed Euclidean space, its realizations in
terms of commutative coordinates, and the realizations of the undeformed rotation algebra SOa(n) compatible with
κ deformation. All these realizations are introduced in such a way as to retain the structure of the extended Lie
algebra. They describe the Lie algebra type deformation of space where the rotation algebra is undeformed, while the
corresponding coalgebra is deformed. The Dirac derivative and the invariant Klein Gordon operator, together with
their realizations, are also introduced in this section. In section 2.3 we exhibit the one-to-one correspondence between
the ordering precription and the type of mapping between the NC κ-deformed space and the ordinary undeformed
space. Here we also give the general BCH formula for the Lie algebra corresponding to the κ type of deformation of
space. In section 2.4 the notions of the T- operator and a star product are introduced. Knowing the star product in
a given realization, the T- operator can be used to make a transition to another, equivalent star product. This new
star product corresponds to a realization which is related to first one through a similarity transformation by the T-
operator. In section 3, a derivation of the star product formula corresponding to the ϕ realization, introduced in
section 2.1, is presented. The final result is identified with an important relation between the coproduct and the star
product in terms of an exponential map for a given realization. This result can be extended to hold for a general Lie
algebra. In section 4 all results obtained are continued to the Minkowski space with suitable modifications required
to accomodate for a change in the signature. Here we introduce a particularly interesting realization, the so-called
natural realization, discuss its properties and derive the star product corresponding to it. We then use this result to
construct the free scalar field theory on the κ-deformed Minkowski space and to show that it reduces to free, nonlocal
scalar field theory on the ordinary Minkowski spacetime, no matter which realization of the deformed space is used.
In constructing the field theory on κ-deformed Minkowski space, the emphasis is on the star product corresponding
3to the natural realization because it is the only one with this preferable property. After a short summary, there are
two Appendices which refer mainly to the derivation of the star product, taking place in section 3.
2. ALGEBRA OF κ- DEFORMED EUCLIDEAN SPACE
2.1. The mapping between commutative and noncommutative coordinates
We consider a noncommutative (NC) space [24] with coordinates xˆ1, xˆ2, ..., xˆn, satisfying the following Lie algebra
type relations:
[xˆµ, xˆν ] = iCµνλxˆλ = i(aµxˆν − aν xˆµ), (1)
where a1, a2, ..., an are constant real parameters describing a deformation of Euclidean space. The structure constants
are
Cµνλ = aµδνλ − aνδµλ. (2)
We choose a1 = a2 = ... = an−1 = 0, an = a and use Latin indices for the subspace (1, 2, ..., n− 1) and Greek indices
for the whole space (1, 2, ..., n). Then the algebra of the NC coordinates becomes
[xˆi, xˆj ] = 0, [xˆn, xˆi] = iaxˆi, i, j = 1, 2, ..., n− 1. (3)
There exist realizations of the NC coordinates xˆµ in terms of ordinary commutative coordinates x1, x2, ..., xn and
their derivatives ∂1, ∂2, ..., ∂n, where ∂µ =
∂
∂xµ
. A realization of the NC coordinates xˆµ satisfying the algebra (3) is
xˆi = xiϕ(A),
xˆn = xnψ(A) + iaxk∂kγ(A),
(4)
where A = ia∂n and the summation over repeated indices is understood. It is assumed that ϕ and ψ are positive
functions obeying the conditions
ϕ(0) = 1, ψ(0) = 1, (5)
The function γ satisfy
ϕ′
ϕ
ψ = γ − 1, (6)
where ϕ′ = dϕ
dA
. It is understood that the quantity γ(0) = ϕ′(0) + 1 is finite. In the following discussion we take the
vacuum state to be represented by 1, i.e. |0〉 ≡ 1, so that it is annihilated by all derivatives ∂µ.
Next we introduce the generators Mµν , Mµν = −Mνµ satisfying the ordinary undeformed SOa(n) algebra
[Mµν ,Mλρ] = δνλMµρ − δµλMνρ − δνρMµλ + δµρMνλ, (7)
or in a more practical form
[Mij ,Mjn] = Min,
[Min,Mjn] = −Mij .
(8)
If we want to extend the algebra to include the action of the generalized rotation generators Mµν on NC coordinates
in such a way as to keep the Lie algebra structure, then we are brought to the unique commutation relations [20],[24]
[Min, xˆn] = xˆi + iaMin, (9)
4[Min, xˆj ] = −δij xˆn + iaMij , (10)
that, together with (3) and (7), satisfy the Jacobi identities
[Mαβ , [xˆµ, xˆν ]] + [xˆµ, [xˆν ,Mαβ]] + [xˆν , [Mαβ , xˆµ]] = 0,
[Mαβ , [Mγδ, xˆµ]] + [Mγδ, [xˆµ,Mαβ]] + [xˆµ, [Mαβ,Mγδ]] = 0.
These are the necessary and sufficient conditions for the consistency of the extended Lie algebra with generators xˆλ
and Mµν . It may be noted that (9), (10) have a smooth limit [Mµν , xλ] = xµδνλ − xνδµλ, when aµ → 0. There are
infinitely many representations ofMµν in terms of commutative coordinates xλ, and their derivatives ∂λ. If we require
generators Mµν to be linear in x with an infinite series in ∂, then there emerge two families of solutions consistent
simultaneously with the relations (8), (9) and (10). One family is for ψ = 1 and the other is for ψ = 1+ 2A. Here we
focus our attention only on the first family which gives us solutions of the form
Mij = xi∂j − xj∂i,
Min = xi∂nϕ
e2A−1
2A − xn∂i 1ϕ + iaxi∆ 12ϕ − iaxk∂k∂i γϕ ,
Mni = −Min,
(11)
where ∆ = ∂k∂k, γ =
ϕ′
ϕ
+ 1 and the summation over repeated indices is understood. This realization can be
parametrized by an arbitrary positive function ϕ(A), ϕ(0) = 1. To complete the settings we are dealing with, it is
natural to introduce the Dirac derivatives Dµ and an invariant operator  as
[Mµν , Dλ] = δνλDµ − δµλDν ,
[Dµ, Dν ] = 0. [Mµν ,] = 0, [, xˆµ] = 2Dµ.
(12)



















Similar expressions for Mµν , Dλ, as given in Eqs.(11)-(14), have been obtained in Refs.[20],[22], but only for three
particular choices of the function ϕ, namely ϕ = 1, ϕ = e−A and ϕ = A
eA−1 . Now we calculate the commutation
relations between the NC coordinates xˆµ and the Dirac derivatives Dν :
[Di, xˆj ] = δij(−iaDn +
√
1− a2DµDµ),
[Di, xˆn] = 0,





These relations are fixed by all previous commutation relations (3),(8),(9),(10),(12) and they involve only the defor-
mation parameter a.
52.2. Lebniz rules and the coproducts
An important ingredient of the symmetry structure of κ-deformed space are the Leibniz rules of generators of
rotations and derivatives. For the case in consideration, the Leibniz rule for the rotation generators looks like
Mij(fˆ · gˆ) = (Mij fˆ) · gˆ + fˆ · (Mij gˆ),
Min(fˆ · gˆ) = (Minfˆ) · gˆ + (eAfˆ) · (Mingˆ) + ia(∂j 1
ϕ(A)
fˆ) · (Mij gˆ),
where fˆ , gˆ are functions of the NC coordinates xˆµ. Similarly, we have the expressions
Dn(fˆ · gˆ) = (Dnfˆ) · (e−Agˆ) +













Di(fˆ · gˆ) = (Difˆ) · (e−Agˆ) + fˆ · (Digˆ),
as the Leibniz rules for the Dirac derivative.
The above equations for the Leibniz rules comprise the notion of coproducts. In the case of the rotation generators,
the coproduct looks as
△Mij = Mij ⊗ 1 + 1⊗Mij ,
△Min =Min ⊗ 1 + eA ⊗Min + iaDjeA ⊗Mij ,
while, in the case of the Dirac derivative, it is given by























where eA is defined as
e−A = −iaDn +
√
1− a2DµDµ.
The final result for the coproduct depends only on aDn, and a
2DµDµ. In the limit a → 0, it gives the ordinary
undeformed coproduct for Mµν , i.e. Dµ, respectively. The notion of the coproduct leads to the observation that the
generators of the κ-deformed symmetry are elements of a Hopf algebra. The coproduct △, which we have determined
for Mµν and Dµ, extends multiplicatively to the whole algebra ISOa(n), which becomes a Hopf algebra in this way.
Some examples of the Poincare´ invariant interpretation of NC spaces and of the twisted Poincare´ coalgebra were also
considered in [41],[42].
We note that from Eqs.(4) it follows that
[∂i, xˆj ] = δijϕ(A); [∂i, xˆn] = ia∂iγ(A)
6[∂n, xˆi] = 0; [∂n, xˆn] = 1. (17)
The corresponding coproducts △ϕ are








where Ax = ia∂
x
n and similarly for Ay. They are consistent with Eqs.(16) and (13). At this point it is convenient
to introduce a notion of natural realization, namely the ϕ realizations (4) are natural with respect to Eqs.(17). The
natural realization is generally characterized by the reqirement Dµ ≡ ∂µ.
Particularly, for the deformed Heisenberg algebra (15), which is fixed in the case of the extended Lie algebra
introduced in section 2.1, the natural realization is given by
xˆNatµ = xµ
√
1− a2∂2 − iCαµν∂α, (19)
with Cαµν∂α = aαδµν − aµδαν .
2.3. The correspondence of mapping and ordering
In this section we want to establish the relation between different realizations of NC space and different ordering
prescriptions. In other words, we want to make clear that for each mapping of the form (4) there exists an accompa-
nying ordering prescripton. In the previous section we have introduced the natural realization which is seen as to not
belong to the family (4). For this type of realization of NC space there also exists one particular ordering prescription.
In this section we shall establish the general form of the orderings corresponding to the family of realizations (4),
while in the section 4.2, we shall deduce the form of the ordering prescription which belongs to the natural realization.
To begin with, let us define the ”vacuum” state
|0 >= 1, Dµ|0 >= ∂µ|0 >= 0, (20)
then for a given realization of NC space, described by ϕ(A), there is a unique mapping from the set of fields f(x)
of the commutative coordinates xµ to the set of fields fˆ(xˆµ) of the NC coordinates xˆµ. This mapping Ωϕ can be
characterized as
Ωϕ
−1 : fˆ(xˆ) −→ fϕ(x) such that fˆ(xˆϕ)|0 >= fϕ(x). (21)
The fields or functions on NC space are conveniently introduced through the Fourier transform
fˆ(xˆ) =
∫
dnx f˜ϕ(k) : e
ikαxˆα :ϕ, (22)
where ::ϕ denotes the ordering that corresponds to the realization (4) of NC space, parametrized by the function ϕ.
The way in which this correspondence is realized will be made clear from the following consideration. Thus, to make
a connection between the particular realization of NC space and the corresponding ordering prescription, we impose
the requirement on the ordered exponentials
: eik·xˆϕ :ϕ |0〉 = eik·x, (23)
appearing in the expansion (22). For example, we have the following expressions for the left, right and symmetric
ordering prescriptions, respectively:
: eikαxˆα :L≡ eiknxˆneikixˆi = eiknxˆn+ikixˆiϕS(−akn)e
−akn
,
7: eikαxˆα :R≡ eikixˆieiknxˆn = eiknxˆn+ikixˆiϕS(−akn),
: eikαxˆα :S= e
ikαxˆα . (24)
In the above relations we have introduced the function
ϕS(A) =
A
eA − 1 , (25)
where A = ia∂n ≡ −akn. Let us first consider the left ordered Fourier exponential. What we are interested here
is to find the realization (4) for which this left ordered exponential will satisfy the requirement (23). Because all
realizations are of the form (4), this basicaly reduces to the problem of finding the correct function ϕ. It can be
easily shown that for the left ordering this function is ϕ = e−A. By taking the same reasoning for the right ordered
Fourier exponential, we end up with the function ϕ = 1 as the one that defines the mapping (4) for which the right
ordered exponential satisfies the requirement (23). In exactly the same way, the symmetric ordering is specified by
the function ϕ = ϕS . There is also a family of ordering prescriptions, interpolating between left and right, namely,
: eikαxˆα :C= e
iλknxˆneikixˆiei(1−λ)knxˆn , (26)
which corresponds to the realization characterized by the function ϕ = e−λA. For λ = 12 , this ordering prescription
coincides with the one used in [29]. Generally, for the ordering prescription corresponding to the general mapping (4)
with the function ϕ, we have




It is clear that (27) incorporates all special cases (24) for the left, right and symmetric ordering, as well for the case
(26), respectively.
Thus, the above consideration has shown that for each mapping, here specified by the function ϕ, there exists
a particular basis : eik·xˆϕ :ϕ of the ordered Fourier exponentials. That is, for each mapping there is a particular
ordering prescription with the mutual correspondence between these two notions provided through the requirement
(23). The aforementioned correspondence can be looked upon from a slightly different point of view. In respect to
this, one can consider a more general form of the relation (23), namely,
: eik·xˆϕ :χ |0〉 = eiK
χ
ϕ(k)·x, (28)
where Kχϕ(k) is the function defined in (54) and has the momentum k as an argument. In this expression, one can
change realization of NC space as well as ordering prescription simply by changing the functions ϕ, χ, respectively.
By doing this, the requirement (23) will be fulfilled only after the changes in realization and ordering meet each other,
i.e. it will be satisfied only when ϕ = χ.
The relation (27) can be deduced from the BCH formula for the κ-deformed Lie algebra type of NC space
eikαxˆαeiqαxˆα = eiDα(k,q)xˆα , (29)
where





Dn(k, q) = kn + qn, (30)
and from the defining relation for the generalized momentum addition rule k ⊕ q which reads as
: eikαxˆα :ϕ: e
iqαxˆα :ϕ=: e
i(k⊕q)αxˆα :ϕ . (31)
8Inserting the relation (27) into the relation (31) and using (29), (30), we get






(k ⊕ q)n = kn + qn. (32)
We see that the generalized momentum addition rule (32) is fully in agreement with the coproduct △ϕ(∂µ), obtained
in the previous section, relation (18). Precisely, if we set k = −i∂1, q = −i∂2, then (18) and (32) can be related as
△ϕ(∂) = ∂1 ⊕ ∂2.
2.4. T- operator
Now we introduce a star product in a given ϕ-realization in the following way. As in the previous section, we define
the ”vacuum” state as
|0 >= 1, Dµ|0 >= ∂µ|0 >= 0. (33)
and introduce the unique map Ωϕ which, for a given realization described by ϕ(A), maps the commutative algebra
of functions f(x) into the noncommutative algebra of functions fˆ(xˆµ). The map Ωϕ can be uniquely characterized
by
Ωϕ : f(x) −→ fˆ(xˆϕ) such that fˆ(xˆϕ)|0 >= f(x). (34)
If we now have two functions fˆ(xˆ), gˆ(xˆ) of NC coordinates, make their product fˆ(xˆ) · gˆ(xˆ) and ask which function of
commutative coordinates this combination belongs to (through the mapping Ωϕ ), we arrive at
(f ⋆ϕ g)(x) = fˆ(xˆϕ)gˆ(xˆϕ)|0 >= fˆ(xˆϕ)g(x). (35)
By this expression the star product in a given ϕ realization is defined. This product obviously depends on the
realization ϕ. Generally, the star products belonging to two different realizations ϕ1 and ϕ2 can be related to each
other by the so-called T- operator that identifies a class of equivalent star products. Thus, the T- operator can be
characterized by (see for example Ref.[22])
T (f(x)⋆ϕ1g(x)) = T (f(x))⋆ϕ2T (g(x)). (36)
In Ref.[22] T operator has been obtained by relating the cases for ϕ = e−A and ϕ = 1 to that for ϕ = A
eA−1 ,
corresponding to left, right and symmetric ordering, respectively. To deduce its explicit form for the case of κ-
deformed spaces, we take advantage of the following identities:
xi ⋆ϕ f(x) = (xˆϕ)if(x) = xiϕ(A)f(x),
xn ⋆ϕ f(x) = (xˆϕ)nf(x) = [xn + iaxk∂kγ(A)]f(x),
(37)
together with the obvious property T (xi) = xi and T (xn) = xn. We can now proceed as follows:
T (xi⋆ϕ1f(x)) = T (xi)⋆ϕ2T (f(x)). (38)
By using (37), we have






ϕ1(A)f(x) = xiϕ2(A)Tf(x). (40)
9Since (40) holds for any function f(x), it reduces to






















where the symbol :: has the meaning of the usual normal ordering with the variables xi coming to the left with




= iaxk∂k(γ2(A) − γ1(A))T, (43)
stemming from the condition
T (xn⋆ϕ1f(x)) = T (xn)⋆ϕ2T (f(x)). (44)














:, we can summarize the properties of the T− operator as
follows:
1. inverse operator,
T−11,2 = T2,1, (46)
2. transitivity,
T1,2T2,3 = T1,3. (47)
Finally, using Eq.(A. 17) in Appendix A, we can write the operator T, Eq.(42), as
T = exi∂i ln
ϕ2
ϕ1 . (48)
It is important to note that we can represent xˆ in terms of two representations ϕ1(A) and ϕ2(A) as
xˆi = (x1)iϕ1(A) = (x2)iϕ2(A),
xˆn = (x1)n + ia(x1)k(∂1)kγ1(A) = (x2)n + ia(x2)k(∂2)kγ2(A),
(49)







−1(x1)nT = (x1)n + ia(x1)k(∂1)k(γ1(A) − γ2(A)). (51)







−1(∂1)nT = (∂1)n. (53)
Generally, one can introduce a mapping Kϕ1ϕ2 : R










= Kϕ1ϕ3 . (55)
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3. DERIVATION OF THE STAR PRODUCT CORRESPONDING TO THE ARBITRARY ORDERING
PRESCRIPTON / MAPPING
We now proceed in some detail to find the star product for κ-deformed space, corresponding to the particular
ordering ::ϕ . It can be deduced from the defining relation (36), starting from the expression for the left star product,
which is known from the literature as












Thus, from T (f(x) ⋆L g(x)) = T (f(x)) ⋆ϕ T (g(x)), it follows
(f˜ ⋆ϕ g˜)(x) = T (T
−1f˜ ⋆L T−1g˜), (57)
where f˜ = Tf is introduced. For simplicity, in due course, we drop the symbol ∼ from the functions and by using
the relations (42), (45) and (56), we arrive at



































with the abbreviation Ax = ia
∂
∂xn
, etc. The second and the third term in (58) can be contracted with the help of
Eq. (A. 5) to yield

















































































If the obvious relation ϕ(Aw) limt→y f(t) = limt→y ϕ(At)f(t) and the similar one (B. 1) derived in Appendix B are
applied to the second and the third factor in (60), we get
























































Here we can again use the equivalent representation of the factors in (61) through the normal ordering (not to be
confused with ::ϕ) and apply (A. 5) to obtain













































































































Since the factors in (62) commute, we finally obtain the star product in the ϕ realization (i.e. in the ϕ ordering)




















It should be noted that the coproduct stemming from this result for the star product completely coincides with the
relation (32) and the coproduct (18). We stress here that the result (63) is the special case of the more general one








where △0(∂µ) = ∂µ⊗1+1⊗∂µ, △(∂µ) is given in (18) and µ is the multiplication map in the Hopf algebra, namely,
µ(f(x) ⊗ g(x)) = f(x)g(x). The relation (64) can be extended to hold for a general Lie algebra. To end this section,
note that generally, in view of Eqs.(31) and (35), the star product ⋆ϕ satisfies the relation e
ik·x⋆ϕeiq·x = ei(k⊕q)·x,
with k ⊕ q defined in (32).
4. TOWARDS THE SCALAR FIELD THEORY ON κ-DEFORMED SPACE
4.1. κ-deformed Minkowski space and the natural realization
All results obtained so far are derived for the case of the Euclidean metric. They can be easily extended to Minkowski
space. It is only about the change in the definition of the momentum
P0 = i∂0, Pi = −i∂i, i = 1, 2, ..., N − 1, (65)
in order to satisfy
[Pµ, xν ] = −iηµν , µ, ν = 0, 1, ..., N − 1, (66)
ηµν = diag(−1,+1,+1,+1), while the algebra of the variables xµ, ∂ν remains unaltered,
[∂µ, xν ] = δµν , µ, ν = 0, 1, ..., N − 1. (67)
Accordingly, the commutation relation describing κ-deformed Minkowski space casts into
[xˆi, xˆj ] = 0, [xˆ0, xˆi] = iaxˆi, i, j = 1, 2, ..., N − 1. (68)
The star product (63) on κ-deformed Minkowski space also remains unchanged, except that Ax now stands for
Ax = ia∂
x
0 . It is important to stress that the deformation parameter a appearing in the above commutation
relation is not the same as the one we were dealing with when we considered the Euclidean space. They are related
as an = ia0, where an is the old deformation parameter and a0 is the new one. For simplicity, we remove
the index 0 of it, but in all subsequent consideration one should keep in mind that it is the time component of the
n-vector in Minkowski space and that it is real. The interchange an = ia0, together with the whole set of relations
xn = ix0, Dn = −iD0, Min = −iMi0 provides the consistent transition from Euclidean to Minkowski space.
Among all mappings that realize κ-deformed Minkowski space, there is one of special significance because, unlike
the general mapping (4), it is covariant. It has some interesting properties and is introduced in a natural way by
identifying the Dirac covariant derivative with the ordinary derivative Dµ ≡ ∂µ. This special kind of realization
has already been introduced at the end of section 2.2 through the mapping (19) to which we have assigned the term
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natural realization. Since we are interested in this kind of realization with respect to the deformed Heisenberg algebra
(15), according to (15), we have
[∂µ, xˆ
Nat
ν ] = δµν(−ia∂0 +
√
1 + a2∂2) + iaδµ0∂ν , (69)
yielding the following realization of the noncommuting coordinates:
xˆNatµ = xµ(−ia∂0 +
√
1 + a2∂2) + iax0∂µ. (70)
Thus, in the following (70) will be referred to as a natural realization and it will be understood that it is natural
with respect to the deformed Heisenberg algebra (15). We recall that (15) is fixed since it is a part of the extended
Lorentz algebra (see section 2.1). Note that the mapping (70) is not incorporated in the set of realizations (4). The
properties of the natural realization are expressed in a most convenient way if the Dirac covariant derivative (13) is
associated with the momentum Pϕµ on κ-deformed Minkowski space,
P
ϕ
















sinh(ak0)− a~k2 e−ak02ϕ2 ,
(71)
where k0 = i∂0, ki = −i∂i. This association can be regarded as a map between the algebra of fields on noncommu-
tative κ-Minkowski space and the algebra of ordinary fields on Minkowski spacetime equipped with a star product
[24],[25]. The special case when ϕ = 1, which is the case of right ordering, was considered in [30]. Since the map (71)
is fully specified by its action on plane waves, it can be looked on as if it mapped ordinary Minkowski plane waves
eikαx
α
to plane waves : eiPα(k)xˆ
α
:ϕ on κ-deformed Minkowski space, P : k 7→ P (k), with P (k) given by (71).
The natural realization has a property
eik
αxˆNatα |0〉 = eiPSα (k)xα , (72)
where PSα is the momentum (71) evaluated for ϕ = ϕS , i.e. corresponding to symmetric ordering. From this and
the relations (71) it is easy to calculate the following expression:
: eik







)|0〉 ≡ eiKαϕ (k)xˆNatα |0〉 = eiPϕ,α(k)xα , (73)
with Kϕ(k) = (k0, ki
ϕS(ak0)
ϕ(ak0)
) and Pϕα given in (71). The function Kϕ(k) is an example of the map introduced in
(54).
4.2. Free scalar field theory on κ-deformed Minkowski space
The natural realization appears as a particularly convenient one for constructing the field theory on noncommutative
space. The reason for this is that it enables one to recast the action belonging to an algebra of functions whose product
is a noncommutative star product into the action expressed entirely in terms of usual pointwise multiplication between
two functions. We shall see that although the construction that is to be made requires one particular noncommutative
star product on an algebra of functions, namely the one which is related to the natural realization, the realization of
the NC space alone is not important at all. In other words, the realizations of 4-momenta and coordinates on NC
space are not important in constructing the noncommutative field theory action. The final result, obtained from the
original action by virtue of the properties of natural star product ⋆N , will be cast into the form of the nonlocal,
relativistically invariant field theory whose action is expressed in terms of usual pointwise multiplication of fields
and has particularly simple form. This result is the same regardless of the particular realization used to represent
4-momenta and coordinates on NC space.
So far we have seen that each realization of NC space was related to some specific type of the ordering prescription.
The same situation as well appears to be true in the case of the natural realization. As was the case with the
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realizations (4), where the corresponding orderings are expressed in terms of the exponentials of the type
: eik
αxˆα :ϕ= e
−ik0xˆ0+ikixˆi ϕS(ak0)ϕ(ak0) , (74)
(The relation (74) is the same as (27), the difference being only in the signature adjusted to hold for the Minkowski
space) the similar connection can be found for the natural realization either. In fact, it can immediately be deduced




(k)·xˆNat |0〉 = eik·x. (75)
In order to specify the function (PS)
−1












sinh(ak0)− a~k2 e−ak02ϕ2(ak0) .
(76)












1−a2 ~P 2 ,
(PS)
−1










1−a2 ~P 2 .
(77)
The expression (75), together with (77), defines the ordering prescription corresponding to the natural realization.
We now turn to the notion of the star product corresponding to the natural realization. This star product, for






k ⊕ q =
(









is the generalized rule for the addition of momenta and Pϕ is defined in (71). It is understood that the quantity
k⊕ q is taken in the ϕ realization, although it is not specificaly indicated. The relation (78) will have a crucial role
in our construction of noncommutative field theory. From the definition of the inverse 4-momentum k⊕k−1 = (0,~0),



























Let us now derive the relation (78) which encloses the property of natural star product important for our construc-














thus completing the proof of (78). In the second line of the derivation (83), we have applied Eq.(73), while in the third
line we have used the property (31) satisfied by the generalized addition of momenta (adjusted for the Minkowski
signature). Finaly, in the last line, Eq.(73) is used again, but in a reverse direction.





1 + a2∂µ∂µψ(x), (84)
which provides the transition from the integration of the star product of two fields to the integration of the ordinary
product of fields. To prove it, it is sufficient to show that it holds for plane waves φ(x) = eiP
ϕ(k)·x, ψ(x) = eiP
ϕ(q)·x.















−1 ⊕ q)) δ(n−1) (~Pϕ(k−1 ⊕ q)) . (85)
In order to perform the calculations on the right-hand side of (85), it is convenient to introduce the quantities






± = Pϕn ± Pϕ0
(86)
(The first quantity in (86) should not be confused with the Euclidean counterpart Pn = iP0 of P0. ) It is now















−1 ⊕ q) = 1
a










+(k) = − 1ae−ak0 .
(87)














































where use has been made of the identity 2Pϕ0 = P
ϕ





. From the same argument as before, the last two





























































Here, in calculating the above expression, one zero of the function in the argument has been rejected due to the
requirement that Pϕ+ < 0. This condition is obvious from the form of P
ϕ
+ in (87). Since the final goal is to express
the result in terms of Pϕ0 and
~Pϕ, we perform the following computation




























































Pϕ(k−1 ⊕ q)) = (2π)na|Pϕn (q)|δ (Pϕ0 (q)− Pϕ0 (k)) δ(n−1) (~Pϕ(q)− ~Pϕ(k)) (92)
and it can be recognized as
(2π)
n





























In the last step, we have utilized the identity a|Pϕn | =
√
1− a2Pϕ2 = √1 + a2DµDµ and the fact that we are
working in the natural realization where Dµ ≡ ∂µ. This proves the relation (84) which is a generalization of the
integral identity found in [30]. Here it was proved by starting from the general ordering prescription characterized by
the function ϕ, in contrast to Ref.[30] where the same relation is obtained by starting from some particular ordering
prescription, namely, the right one.
















The construction of this action is based on the star product corresponding to the natural realization. At this place
we point out that the action (95) is κ-Poincare invariant. Namely, in the natural realization, where Dµ = ∂µ, the
Dirac derivative Dµ is a vector under Lorentz algebra and the coproduct △N(Dµ) transforms in a covariant way
[25]. This coproduct (for the Euclidean case) is given by
△N (Dµ) = Dµ ⊗ Z−1 + 1⊗Dµ + iaµDλZ ⊗Dλ − iaµ
2
Z ⊗ (iaλDλ), (96)
where
Z−1 = −iaλDλ +
√
1 + a2DλDλ. (97)








eik·x⋆Neiq·x = ei△N (k,q)·x
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we conclude that ⋆N product in natural realization (where Dµ = ∂µ) is noncommutative, nonlocal, but κ-Poincare
invariant. Hence, the star product ⋆N of two scalar fields is scalar with respect to κ-Poincare symmetry. Similarly,
from the same argument, the term Dµφ⋆ND
µφ is also invariant under the action of κ-Poincare symmetry. As a
consequence of these consideration, we conclude that the action (95) is invariant under the Poincare algebra (see also
Eq.(84)) and κ-Poincare symmetry.
A few comments are in order regarding expression (95) . Considering the action (95) or the expression (94) obtained
by spliting (95) to Fourier components, we see that the construction of the action can be basicaly taken along two
different routes. The first one keeps the realizations of 4-momenta appearing in (94) fixed, while simultaneously chang-
ing the ordering prescription which the star product should be associated to. The second route is based on choosing
the convenient ordering prescription with its accompanying star product and keeping it fixed, while simultaneously
changing the realizations of 4-momenta appearing in the exponentials of (94) and used to define κ-Minkowski space.
Here we adopt the second approach, where we choose the star product corresponding to natural realization and keep
it fixed. This realization of the deformed space has special properties which enable us to cast the theory described
by the action (95) in a form which is easier to handle and which is closer in form to theories we know how to deal
with. With the help of the identity (84) relating the integration of the star product of fields to the integration of the



















This shows that the free scalar field theory on κ-deformed Minkowski space is equivalent to a nonlocal, relativistically
invariant free scalar field theory on Minkowski spacetime. Also, we see that once the ordering prescription together
with its noncommutative star product is chosen and fixed, the resulting action (98) is the same, independent of the
“gauge” function ϕ, regardless of the realization of 4-momenta in the corresponding NC space. Although the theory,
through the square root, has higher derivatives, thus being nonlocal, it poses no significant physical effects as long as
the interaction is not included. Particularly, we expect that there will be no new poles leading to the problems with
unitarity. However, at the quantum level one would come up to the necessity for the change in statistics, causing the
situation to be more complex.
It is worth mentioning that the κ-type of the space deformation can also be approached on the basis of an alternative
general treatment [43] of twists with the star products. This includes the investigation of the particular type of the
map, deforming the commutative subalgebra into a noncommutative one. The deformation map of this kind has
already been applied [43] to yield the n-dimensional Moyal plane, as well as the Manin plane.
At the end, let us make some comments. In the present paper, we have started from the κ-deformed algebra (3)
and considered its extension to the extended Lorentz algebra where we have included the generators of rotations and
the covariant Dirac derivative Dµ. The requirement that the Lorentz algebra is undeformed caused the deformed
Heisenberg algebra (15) to be uniquelly determined. For this deformed Heisenberg algebra there exists a unique
natural realization, specified by the requirement Dµ ≡ ∂µ, and given by the relations (19), i.e. (70). There is
also a unique ordering prescription corresponding to this realization. It was refered to as a natural ordering and it
was specified by (75). We were also found the coproduct and the star product ⋆N corresponding to the natural
realization. The star product ⋆N has been shown to obey the relation (78) which implied the following property of

























dnx φ∗ϕ(x) χ(∂) ψϕ(x), (99)
where, according to (84), the function χ is χ(∂) =
√
1 + a2∂2. In writing the Fourier expansions of the fields φ
and ψ, a particular realization ϕ of NC space was used, but the final result, i.e. the function χ does not depend
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on the realization ϕ. In the steps undertaken in (99) (which are, in fact, concise summary of the calculations done










and the relation φϕ(xˆ
Nat)|0〉 = φNatϕ (x) ≡ φϕ(x).
It is important to emphasize that we could equally well start our consideration from an arbitrary deformed Heisen-
berg algebra
[Dµ, xˆν ] = ϕµν(D), (100)
where ϕµν is some function compatible with the commutation relations (1), and take the same steps as those
performed for the algebra (15). We would also find the unique natural realization (characterized by Dµ ≡ ∂µ and the
mapping xˆNatµ = xαϕαµ(∂) which has to satisfy the commutation relations (1)) and natural ordering corresponding
to the algebra (100). There would also be a coproduct and a star product ⋆N which could be associated with (100).
One would find that the specific property of the star product ⋆N , corresponding to (100), is also enclosed in the
identity (99), except for the fact that the function χ now has a form appropriate to the case in consideration.
The adventage of our approach is in a simple construction of κ-Poincare action using the notion of natural
realization. This route of consideration has an advantage that it provides a direct way for constructing any κ-
Poincare invariant action. The Dirac derivative Dµ, Eq.(13), transforms as a vector and the right hand sides of
the commutation relations (9),(10) and (15) have covariant form. Hence, the coproducts △(Dµ) and △(Mµν)
have also covariant forms under κ-Poincare symmetry. Thus we have that starting with generators of undeformed
Poincare algebra, the right hand sides of (9),(10) and (15) and the corresponding coproducts △(Dµ) and △(Mµν)
are covariant under the twisted Poincare symmetry.
In papers [20],[26],[27] the symmetric realization corresponding to symmetric Weyl ordering was used, but therein
△(Dµ) and △(Mµν) are given by Eqs.(11),(13) with ϕ(A) = AeA−1 , whereas in our approach, which uses the notion
of natural realization, Dµ and Mµν have particularly simple form [25], namely Dµ = ∂µ and Mµν = xµ∂ν −xν∂µ.
Hence, both realizations are covariant and equivalent. In analogy with the gauge theory they correspond to different
covariant gauge conditions. Finaly, in contrast to [20],[27], where the deformed Klein-Gordon operator has the form
 + m2 = 2
a2
(1 − √1− a2D2) + m2, we take the simplest possibility for the Klein-Gordon operator by choosing
+m2 = D2 +m2. The physical consequences of this approach are still under investigation and will be reported in
near future.
5. CONCLUSION
We have constructed κ-deformed noncommutative space-time of the Lie algebra type with undeformed extended
Lorentz algebra and deformed coalgebra by realizing noncommutative coordinates, generalized derivatives and gen-
eralized rotation generators in terms of the commutative coordinates and their derivatives. The coproducts of the
generalized rotation generators and of the Dirac derivatives, respectively, have been identified. A unique correspon-
dence between the particular realization of κ-deformed space-time and the corresponding ordering prescription has
been found. For fixed deformed Heisenberg algebra (15) all these realizations of κ- deformed Minkowski space are of
equal importance, none of the realizations is preferable to the others, implying that physical results do not depend
on the particular realization chosen. Accordingly, the choice of the ordering prescription or the choice of a particular
realization is analogous to the situation in gauge theory where a particular gauge is chosen. We have found the
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expression for the star product on κ-Minkowski space corresponding to an arbitrary “gauge” function ϕ defining
the realization. This result is related to the important relation between a coproduct and a star product in terms of
an exponential map.
Although all realizations are on equal footing, for constructing a field theory on κ-deformed Minkowski space,
we have used a particular realization, the natural realization, which is not contained within the set of realizations
parametrized by the “gauge” function ϕ, but which was shown to have some preferable properties that have enabled
us to reduce the original field theory on κ-deformed space to the nonlocal, relativistically invariant, scalar field theory
on Minkowski space-time. The result of this reduction has also been shown to not depend on the realization/ordering
taken for κ-Minkowski space. Thus to conclude, there is one particular noncommutative star product on the algebra
of functions, namely the one that corresponds to the natural realization. Once this star product is fixed, the realization
of NC space alone is not important, i.e. changing the realizations of 4-momenta and coordinates used to define the
κ-Minkowski space does not influence the final result for the action. The line of consideration which is carried out
here may appear useful in 2+1 dimensional models of quantum gravity where the corresponding Lie algebra is SU(2)
or SU(1, 1), [44]. Another possible route for future investigations is to consider other noncommutative space-times.
We believe that the line of analysis presented here is applicable to other noncommutative spacetimes, particularly
those of Lie-algebra type.
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Appendix A. DERIVATION OF SOME USEFUL IDENTITIES I
Here, we shall derive some usefull identities that are used in calculations taking place in sections 2 and 3, where
the T-operator and the star product corresponding to ϕ−realization of κ-noncommutative space were found. First
we prove the following identity:











: Nk+l−r :, (A. 1)
where N ≡∑N−1i=1 xi∂i is the number operator and the symbol :: has the usual meaning of normal ordering with all
xi coming to the left with respect to all ∂i. The variables xi and ∂i satisfy the ordinary Heisenberg algebra
[∂i, xj ] = δij , i, j = 1, ..., N − 1. (A. 2)
The proof of (A. 1) will be done by induction. For the base of induction we have : N :: N := xi∂i + xixj∂i∂j =: N :
+ : N2 : and this is exactly what we get from (A. 1) by taking l = k = 1. For the step of induction, we assume that
(A. 1)holds for some generic l, k and consider the expression : Nk :: N l+1 : . It can be transformed by using the
identity
: Nk : xi = xi : N
k : +kxi : N
k−1 :
and with the help of this identity we proceed as follows:





k : +kxi : N
k−1 :
)





















































: Nk+l−r : . (A. 3)


















































: Nk+l+1−r :, (A. 4)
which is the identity (A. 1) for l → l + 1. The analogous procedure can be carried out for l < k and also for the
expression : Nk+1 :: N l : leading to the same conclusion, which completes the proof.
With the help of the identity (A. 1) we can now prove the following important relation:
: eNA :: eNB :=: eN(A+B+AB) :, (A. 5)
which is the identity for the normally ordered exponentials and A,B are arbitrary operators commuting with the
number operator N. We proceed as follows:

































(s− k − r)!
1
r!(k − r)! : N
s−r : As−kBk, (A. 6)
where in the last line we have skipped to the new summation variable s = k+ l. To accomodate for the upper bound
of the 3rd sum in the last line of (A. 6), we split the above expression into two parts
: eNA :: eNB :=
∞∑
s=0





(s− k − r)!
1







(s− k − r)!
1











(s− k − r)!
1
r!(k − r)! : N






(s− k − r)!
1











(s− k − r)!
1
r!(k − r)! : N
s−r : As−kBk, (A. 7)
with the symbol [ ] denoting the lowest integer. Under the agreement that the terms with negative integers in factorials
drop out, the region of summation in (A. 7) can be extended to include s as the upper bound in the last two sums








(s− k − r)!
1
r!(k − r)! : N





























Here, in the first step we have made the change of the summation variable as s = r +m and then, in the second
step (the second line of (A. 8)) we skip to the summation variable a = k − r. Note that in the expressions (A. 8)
it is understood that the terms with factorials whose arguments are negative drop out. Making use of this fact, the
upper bound of the r-summation in (A. 8) can be reduced to m, (for r > m, the corresponding terms drop out
anyway) which finally gives

















(A +B +AB)m =: eN(A+B+AB) :, (A. 9)













an1bn2cn3 . (A. 10)












l :, (A. 11)





p!(l − p)! . (A. 12)
While the base of the induction is trivial, for the step of induction we have
Nk+1 = N ·Nk =
k∑
l=0






: N l+1 : +l : N l :
]
, (A. 13)
where use has been made of the identity (A. 1). In order to complete the step of induction, the expression (A. 13)
should be equal to
∑k+1
l=0 cl,k+1 : N
l :, which implies that the following recursive relations have to be satisfied:
ck+1,k+1 = ck,k = c0,0 = 1, c0,k = 0 for k 6= 0,
cl,k+1 = cl−1,k + l cl,k, k > 0. (A. 14)
The coefficients (A. 12) are easily shown to satisfy the recursions (A. 14) and this completes the proof of the relation
(A. 11).
Now, (A. 11) can be inverted to obtain



















fk = (1 + f)
N
= eN ln(1+f) = eNF , (A. 16)
where f = eF − 1. That is, we have
: eN(e
F−1) := eNF . (A. 17)
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ϕ(Au +At)f(u)g(t) (B. 1)






























































































































and this is identical with (B. 2), which completes the proof.
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